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Abstract
An integral representation is provided for the parabolic cylinder
function product Dµ(x)Dµ(−y) where Reµ < 0 and x > y are unre-
lated. A few simple consequences are given in the form of hyperbolic
integrals and a sum rule.
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1. Introduction
A search of the literature and tables has shown that the number of known
integral representations for a product of two parabolic cylinder functions is
limited. Only two are available in the standard reference[1]
Dν(x)D−ν−1(x) = −
1√
pi
∫
∞
0
cothν+1/2
t
2
1√
sinh t
sin
x2 sinh t+ piν
2
dt
Dν(ze
ipi/4)Dν(ze
−ipi/4) =
1
Γ(−ν)
∫
∞
0
cothν t exp
[
−z
2
2
sinh 2t
]
dt
sinh t
.
and three more are given in the Wolfram web-site[2]
Dν(x)D−ν−1(x) = 2
∫
∞
0
e−xt cos
(
xt− piν
2
)
Jν+1/2(t
2)dt
Dν(ze
ipi/4)Dν(ze
−ipi/4) =
√
pi
Γ(−ν)
∫
∞
0
e−ztJ−ν−1/2(
t2
2
)dt
Dν(ze
ipi/4)Dν(ze
−ipi/4) =
2
√
2√
piΓ(−ν)
∫
∞
0
e−zt cos
(
zt− νpi
2
)
Kν+1/2(t
2)dt,
where, in terms of the Whittaker function,
Dν(z) = 2
(2ν+1)/4z−1/2W2ν+1)/4,−1/4(z
2/2).
Even these five are inter-related by contour manipulation. A fairly recent report
by C. Malyshev[3] contains numerous references to the origins of these represen-
tations, to which we refer the interested reader. Conspicuously missing among
these entries are representations where the two arguments on the left hand side
are not linearly related. The aim of the present note is to fill this gap, at least
partially since representations where the indices are unrelated is still open.
2. Derivation
We begin by examining the Laplace transform
I =
∫
∞
0
tν−1(1 + t)−ν−1/2e−ateb
√
t(t+1)dt, ν > 0, Re[a− b] > 0. (1)
By introducing the substitution t = u2/(1− u2) one finds
I = 2
∫ 1
0
u2ν−1(1 − u2)ν−3/2 exp
{
bu− au2
1− u2
}
du. (2)
2
Next, we introduce the quantitiesX =
√
a+
√
a2 − b2/
√
2, Y =
√
a−
√
a2 − b2/
√
2
and recall Mehler’s formula [4]
exp
[
2XY u− (X2 + Y 2)u2
1− u2
]
=
√
1− u2
∞∑
n=0
Hn(X)Hn(Y )
2nn!
un (3)
to find, after performing the elementary u-integration,
I = 2
∞∑
n=0
Hn(X)Hn(Y )
2nn!(2ν + n)
. (4)
Now let us consider the Sturm-Liouville problem on the real line
y′′ + (λ − x2)y(x) = 0, y(±∞) = 0 (5)
for which the normalized eigenfunctions are
yn(x) =
1√
2nn!
√
pi
e−
1
2
x2Hn(x), λn = 2n+ 1, n = 0, 1, 2, · · · . (6)
Then the solution to the Green function equation
Y ′′(x, x′, λ) + (λ− x2)Y (x, x′, λ) = δ(x− x′), Y (±∞) = 0 (7)
is
Y (x, x′, λ) =
1√
pi
e−
1
2
(x2+x′2)
∞∑
n=0
Hn(x)Hn(x
′)
2nn!(λn − λ)
. (8)
However, the problem (5) has been treated by Titchmarsh[4] who has shown
that, for x > x′,
Y (x, x′, λ) =
1
2
√
pi
Γ
(
1− λ
2
)
Dλ−1
2
(x
√
2)Dλ−1
2
(−x′
√
2). (9)
Finally, from (4), (8) and (9) we conclude that for x > y > 0 and ν > 0,
D−ν(x)D−ν(−y)
=
e−
1
4
(x2+y2)
2Γ(ν)
∫
∞
0
tν/2−1(t+ 1)−(ν+1)/2e−
1
2
(x2+y2)t+xy
√
t(t+1)dt. (10)
3.Discussion
Equation (10) is our principal result and can be written
∫
∞
0
tν/2−1(1 + t)−(ν+1)/2e−ateb
√
t(t+1)dt
3
= 2ea/2Γ(ν)D−ν
(√
a+
√
a2 − b2
)
D−ν
(
−
√
a−
√
a2 − b2
)
, (11)
for Re(a) > Re(b) > 0. Similarly, it can be proven that
∫
∞
0
tν/2−1(1 + t)−(ν+1)/2e−ate−b
√
t(t+1)dt
= 2ea/2Γ(ν)D−ν
(√
a+
√
a2 − b2
)
D−ν
(√
a−
√
a2 − b2
)
, (12)
for Re(a+ b) > 0..
First of all, (10) cannot be related to the identities listed in the introduction,
for the right hand side diverges when x = y. In the forms (11) and (12),
since both sides can be differentiated any number of times with respect to the
parameters a, b or ν, it is the gateway to a previously unknown class of Laplace
Transforms. Furthermore, through (4) we have summed exactly a new Hermite
series from which further ones can be obtained. To conclude, we append a short
list of special cases.
For ν = 1 , D−1(z) =
√
pi/2 exp(z2/4)Erfc(z/
√
2) and (12) gives rise to the
interesting hyperbolic integrations
∫
∞
0
sechθ e−α
2 sinh θ sinh(θ+φ)dθ
=
pi
2
eα
2 coshφErfc(α sinh(φ/2))Erfc(α cosh(φ/2)). (13a)
∫
∞
0
sinh θ e−α
2 sinh θ sinh(θ+φ)dθ
=
√
pi
2α
[
eα
2 cosh2(φ/2) cosh(φ/2)Erfc(α cosh(φ/2))− eα2 sinh2(φ/2) sinh(φ/2)Erfc(α sinh(φ/2))
]
(13b)
In the case ν = 1/2, where D−1/2(z) =
√
z/2piK1/4(z
2/4), (12) can be
manipulated to give
∫
∞
0
dθ√
sinh θ
e−a cosh(θ+φ) =
√
a sinhφ
pi
K 1
4
(a cosh2(φ/2))K 1
4
(a sinh2(φ/2)).
(14)
Finally, From (3) we obtain the new sum rule
∞∑
n=0
Dn(x)Dn(y)
n!(n+ ν)
= Γ(ν)D−ν(x)D−ν(−y), where x > y, (15)
from which others may be derived.
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